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In a recent article in this journal E. Portnoy [1982] gave 
an interesting assessment of Riemann's contribution to differ- 
ential geometry. In the present note I would like to comment 
briefly on some material which was not mentioned in her discus- 
sion. 
Although her article includes a number of references, it 
neglects to mention what is undoubtedly the most profound and 
interesting version of Riemann's probationary lecture. This is 
[Riemann 1868/1919], which features a detailed commentary by 
Hermann Weyl. In the third (and final) edition of this forty- 
eight page monograph more than half of the contents is taken up 
HM 10 Notes 85 
by Weyl's comments [Erlauterungen], and his Vorwort des 
Herausgebers. His commentary consists of six sections, each of 
which is devoted to a particular part of Riemann's lecture: 
1. (Zu Teil I) General comments on the notion of a manifold 
[Mannigfaltigkeit]; 
2. (Zu Teil II, Absatz 1) the notion of a geometry based 
on a quadratic differential form; 
3. (Zu Teil II, Absatz 2) equation of a geodesic, geodesic 
normal/polar coordinates which Weyl calls Zentralkoordinaten, 
and expressions for the curvature tensor; 
4. (Zu Teil II, Absatz 3) Riemann's ideas as a generaliza- 
tion of Gauss' surface theory; 
c; (Zu Teil II, Absatz 4) derivation of Riemann's canonical 
line-element for a space of constant curvature, comments on 
elliptic/hyperbolic non-Euclidean geometries; 
6. (2% Teil III, Absatz 3) the physical aspects of Riemann- 
ian geometry and its relation to general relativity. 
Weyl's commentary provides a lucid mathematical discussion 
of Riemann's heuristic and intuitive lecture and was apparently 
intended to be read as a supplement to his masterpiece Raum-- 
Zeit--Materie (see Weyl [1918a]). However, perhaps even more 
valuable than elucidating Reimann's ideas, the commentary re- 
veals Weyl's own views on geometry at a heroic time. Only a 
year before the publication of [Riemann 1868/19191, Weyl pub- 
lished his Reine Infinitesima1geometri.e [1918b], and Gravita- 
tion und Elektrizitzt [1918c] which, respectively, generalized 
Riemannian geometry and the general theory of relativity! In 
the former he considered a conformal geometry and introduced 
the concept of gauge invariance [Eichinvarianz], while in the 
latter he proposed the first unified field theory of electro- 
magnetism and gravitation. Although his notion of gauge invari- 
ance was destined to change (see [Weyl 1918c], in particular the 
Nachtrag Juni 1955, page 42 of his Gesammelte Abhandlungen, 
Band II) and his unified field theory failed (see [Pauli 1958,, 
Chap. V, Sect. 65, pp. 192-202, and Supplementary Note 22, pp. 
223-224]), both theories were important. In effect these 
articles were the progenitors of today's popular gauge-field 
theories, and it is conceivable that Weyl's ideas may prove no 
less significant to us than Riemann's ideas were to 19th-century 
mathematicians and to Einstein. 
In her article Portnoy raises the question of how much of 
the mathematical details of his probationary lecture were actu- 
ally worked out by Riemann. As she correctly indicates, all 
the available evidence is contained in his Paris prize essay 
[Riemann 18761 and, in particular, in the Pars secunda of this 
essay. The essay is not easy to read and all the formulas in it 
require mastering Riemann's notation. 
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In the following analysis Riemann's formulas are rewritten 
in classical tensor notation; his numbering of equations (now 
written in brackets) is retained, but Einstein's summation con- 
vention is not employed. Additional equations are indicated by 
primed numbers. 
. 
Suppose that x1 are curvilinear coordinates, y' are rectan- 
. . 
gular Cartesian coordinates, and x2 = p(yl). Then Riemann 
[1876] asks for necessary conditions that a quadratic differen- 
tial form 
. . 
1 gi jdxldxJ, 
Lj 
(1’) 
with variable coefficients g ij (xk), b e reducible to one with 
constant coefficients, i.e., 
. a 
c 
W 
6i jdyldyJ, (2’) 
where the coefficients d ij assume the familiar values of the 
Kronecker delta. Riemann computes the various partial deriva- 
, 
tives a~~/$, ayJ/axl ; after noting that 
c a$ ayr g = -Yf ij r axi ax' 
he gives 
ag., 2r 2 r 
1’ -= 
axk 
r 
&“k+C a_yg-* 
IT a2axk ax' r adaxk ax1 
[31 
[41 
By forming the following combination of the partial derivatives 
he obtains 
ag. . agik a53. 
13 Jk 
a2yr a$ 
-+-w--c , 
axk axJ ax' 
[51 
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which he denotes as 
c i a2yr . axp =2- = ayr ijk a2axk . 161 
Equation [6] is equivalent to writing 
def 89. . agik a9. 
P -------=+~---;-. --- Jk 
ijk 
axk a2 ax1 
(3') 
By computing the partial derivatives of P with respect to 
2 and P k 
ijk 
ijl 
with respect to x , and then forming their differ- 
ence and substituting expressions [6] and [4], he finally gets 
a2gik a29. a2gi, a29. 
-+A--- Jk 
a2ax1 axi axk axjaxk 
- 
ax1 a? 
+ f c (PrjlPsik - PrilPsjk)grS = 0. 
r/s 
[II 
This represents the required necessary conditions for the re- 
duction of (1') to (2') by a change of variables. Up to a 
numerical factor of 3, [I] is merely R ijkl = 0. (The use of 
both Roman and Arabic numerals is due to Riemann.) 
The computation just described reveals three aspects of 
Riemann's work that do not appear to have been widely recog- 
nized. 
First, the passage from [4] to [5] is Christoffel's elimin- 
ation scheme, i.e., the solution for the Christoffel symbols 
in terms of the partial derivatives of the metric tensor (e.g., 
[Willmore 1959, 229-2301). This elimination scheme later 
proved to be important in the consideration of an arbitrary 
metric and connection coefficients in Einstein's final unified 
field theory (see [Hlavata 19571). 
Second, [5], or equivalently (3'), defines the Christoffel 
symbol of the first kind up to a numerical factor of 3: 
&P ijk = [jk, i]. 
The missing numerical factor in (3') is a matter of convenience. 
Third, [I] is an explicit formula for the curvature tensor. 
Actually Riemann did not write the contravariant form of the 
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rs 
metric g ; instead he always wrote Grs/g, where G is the rs 
cofactor of the matrix (grs) and g = det(gij). Riemann made 
no comment on the symmetries of the curvature tensor, but his 
expressions for [II] and [III] (which I will not recopy here) 
show that 
R ijkl = -R jikl 
= -R 
ijlk ' 
I believe these observations show that Riemann's essay con- 
tains many of the results usually attributed to Christoffel 
[1869]. However, this essay was submitted to the Paris Academy 
in 1861 and published only in the first edition of his 
Gesammelte mathematische Werke in 1876, so there is no question 
of Christoffel's being aware of it when he was preparing his 
work. 
Despite its importance, the Commentatio mathematics seems 
to have attracted few readers. It was cited and obviously read 
by G. Ricci and T. Levi-Civit6 [1901], who refer to [I] as the 
syst6me covariant de Riemann [1901, 1421. It is listed in the 
bibliography of the treatise of J. A. Schouten [1954], but no 
specific reference is made to it, and Schouten erroneously 
attributes the commentary on it in [Riemann 18921 to R. Dedekind 
and not H. Weber. Moreover, although [Eisenhart 1949; Veblen 
1927; Weatherburn 19381 have either historical notes or exten- 
sive bibliographies, none refer to the Commentatio mathematics. 
Likewise the monograph by R. Torretti [1978] makes no mention 
of it. However, the second volume of the recent treatise by 
M. Spivak [1979] contains an excerpt and transliteration of 
part of it, together with a partial commentary. 
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